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Introduction

How to deal with singular Lagrangians? → Tulczyjew triple

W. Tulczyjew: ”Hamiltonian systems, Lagrangian systems, and
the Legendre transformation”, Symposia Math. 14, (1974),
101–114.

W. M. Tulczyjew: ”Les sous-variétés lagrangiennes et la
dynamique lagrangienne” (French), C. R. Acad. Sci. Paris Sér.
A-B 283 (1976), no. 8, Av, A675–A678.

How to deal with nonholonomic constraints? → Dirac structures

We are looking for a geometrical framework of analytical mechanics which
includes

Reduction procedures → algebroids

Nonholonomic constraints → Dirac algebroids

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011 3 / 37



Introduction

How to deal with singular Lagrangians? → Tulczyjew triple

W. Tulczyjew: ”Hamiltonian systems, Lagrangian systems, and
the Legendre transformation”, Symposia Math. 14, (1974),
101–114.

W. M. Tulczyjew: ”Les sous-variétés lagrangiennes et la
dynamique lagrangienne” (French), C. R. Acad. Sci. Paris Sér.
A-B 283 (1976), no. 8, Av, A675–A678.

How to deal with nonholonomic constraints? → Dirac structures

We are looking for a geometrical framework of analytical mechanics which
includes

Reduction procedures → algebroids

Nonholonomic constraints → Dirac algebroids

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011 3 / 37



Introduction

How to deal with singular Lagrangians? → Tulczyjew triple

W. Tulczyjew: ”Hamiltonian systems, Lagrangian systems, and
the Legendre transformation”, Symposia Math. 14, (1974),
101–114.

W. M. Tulczyjew: ”Les sous-variétés lagrangiennes et la
dynamique lagrangienne” (French), C. R. Acad. Sci. Paris Sér.
A-B 283 (1976), no. 8, Av, A675–A678.

How to deal with nonholonomic constraints? → Dirac structures

We are looking for a geometrical framework of analytical mechanics which
includes

Reduction procedures → algebroids

Nonholonomic constraints → Dirac algebroids

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011 3 / 37



Introduction

How to deal with singular Lagrangians? → Tulczyjew triple

W. Tulczyjew: ”Hamiltonian systems, Lagrangian systems, and
the Legendre transformation”, Symposia Math. 14, (1974),
101–114.

W. M. Tulczyjew: ”Les sous-variétés lagrangiennes et la
dynamique lagrangienne” (French), C. R. Acad. Sci. Paris Sér.
A-B 283 (1976), no. 8, Av, A675–A678.

How to deal with nonholonomic constraints? → Dirac structures

We are looking for a geometrical framework of analytical mechanics which
includes

Reduction procedures → algebroids

Nonholonomic constraints → Dirac algebroids

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011 3 / 37



Introduction

How to deal with singular Lagrangians? → Tulczyjew triple

W. Tulczyjew: ”Hamiltonian systems, Lagrangian systems, and
the Legendre transformation”, Symposia Math. 14, (1974),
101–114.

W. M. Tulczyjew: ”Les sous-variétés lagrangiennes et la
dynamique lagrangienne” (French), C. R. Acad. Sci. Paris Sér.
A-B 283 (1976), no. 8, Av, A675–A678.

How to deal with nonholonomic constraints? → Dirac structures

We are looking for a geometrical framework of analytical mechanics which
includes

Reduction procedures → algebroids

Nonholonomic constraints → Dirac algebroids

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011 3 / 37



Introduction

How to deal with singular Lagrangians? → Tulczyjew triple

W. Tulczyjew: ”Hamiltonian systems, Lagrangian systems, and
the Legendre transformation”, Symposia Math. 14, (1974),
101–114.

W. M. Tulczyjew: ”Les sous-variétés lagrangiennes et la
dynamique lagrangienne” (French), C. R. Acad. Sci. Paris Sér.
A-B 283 (1976), no. 8, Av, A675–A678.

How to deal with nonholonomic constraints? → Dirac structures

We are looking for a geometrical framework of analytical mechanics which
includes

Reduction procedures → algebroids

Nonholonomic constraints → Dirac algebroids

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011 3 / 37



Dirac structures

There is a canonical symmetric pairing on the extended tangent
bundle (Pontryagin bundle) T N = TN ⊕N T∗N:

(X1 + α1 |X2 + α2) =
1

2
(α1(X2) + α2(X1)) .

Courant-Dorfman bracket on the space of Sec(T N):

[[X1 + α1,X2 + α2]] = [X1,X2] + LX1α2 − ıX2dα1 .

Definition

An almost Dirac structure on the smooth manifold N is a subbundle D of
T N which is maximally isotropic with respect to the symmetric pairing
(·|·). If, additionally, the space of sections of D is closed under the
Courant-Dorfman bracket, we speak about a Dirac structure.

Note that here a subbundle D may be supported on a submanifold
N0 ⊂ N.
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The first integrability condition for the almost Dirac structure says
that

prTN(D) ⊂ TN0 ,

so the Courant-Dorfman bracket reduces to a well-defined bracket
[[·, ·]]D on sections of D.

The second integrability condition says that [[·, ·]]D takes values in
Sec(D):

[[·, ·]]D : Sec(D)× Sec(D)→ Sec(D) ⊂ Sec((T N)|N0
) .

By definition, an almost Dirac structure is a Dirac structure if and only if
it satisfies both the integrability conditions.
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For Π ∈ Sec(
∧2

TN), Π̃ : T∗N 3 α 7−→ ıαΠ ∈ TN,

D = graph(Π̃) ⊂ T N is an almost Dirac structure .

Π is a Poisson ⇔ D is a Dirac structure.

For ω ∈ Sec(
∧2

T∗N), ω̃ : TN 3 X 7−→ ıXω ∈ T∗N,

D = graph(ω̃) ⊂ T N is an almost Dirac structure .

ω is a closed ⇔ D is a Dirac structure.

For a distribution ∆ on N,

D = ∆⊕∆⊥ ⊂ T N is an almost Dirac structure .

∆ is integrable ⇔ D is a Dirac structure.
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Double vector bundles

Definition

A double vector bundle is a manifold with two compatible vector bundle
structures. Compatibility means that the Euler vector fields (generators of
homothethies) associated with the two structures commute.

τ1, τ2, τ ′1, τ ′2 are v.b.

The core

C = {k ∈ K : τ1(k) = 0, τ2(k) = 0},
τ0 is a v.b.

(τ1.τ
′
1), (τ2.τ

′
2) are v.b. morphisms

There is one more (affine) bundle

τ1 × τ2 : K −→ K1 ×M K2

modeled on the pull-back of the core

K1 ×M K2 ×M C −→ K1 ×M K2
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Double vector bundles

τ : E −→ M
(xa, y i ) 7−→ (xa)

τM : TM −→ M
(xa, ẋb) 7−→ (xa)

π : E ∗ −→ M
(xa, ξi ) 7−→ (xa)

πM : T∗M −→ M
(xa, pb) 7−→ (xa)

∇1 = ẋa∂ẋa + ξ̇i∂ξ̇i

∇2 = ξi∂ξi + ξ̇j∂ξ̇j
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(xa, ẋb) 7−→ (xa)

π : E ∗ −→ M
(xa, ξi ) 7−→ (xa)

πM : T∗M −→ M
(xa, pb) 7−→ (xa)
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(xa, ẋb) 7−→ (xa)

π : E ∗ −→ M
(xa, ξi ) 7−→ (xa)

πM : T∗M −→ M
(xa, pb) 7−→ (xa)

τE∗ : TE ∗ −→ E ∗

(xa, ξi , ẋ
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Second example: T∗E ∗.

πE∗ : T∗E ∗ −→ E ∗

(xa, ξi , pb, y
j) 7−→ (xa, ξi )

ζ : T∗E ∗ −→ E
(xa, ξi , pb, y

j) 7−→ (xa, y j)

∇1 = pa∂pa + y i∂y i , ∇2 = pa∂pa + ξi∂ξi .
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Canonical isomorphism: T∗E ∗ ' T∗E .

T∗E ∗

ζ

""EEEEEEEEE
πE∗

{{xxxxxxxxx

E ∗

π

##FFFFFFFFF T∗M

πM
��

?�

OO

E

τ
||yyyyyyyy

M

(xa, ξi , pb, y
j)

T∗E
πE

""DDDDDDDDD
η

||yyyyyyyy

E ∗

π

""FFFFFFFFF T∗M

πM
��

?�

OO

E

τ
||zzzzzzzz

M

(xa, y i , pb, ξj)

T∗E ∗ is (symplectically) isomorphic to T∗E . The graph of the canonical
d.v.b. anti-symplectic isomorphism R is the lagrangian submanifold
generated in

T∗(E ∗ × E ) ' T∗E ∗ × T∗E by E ∗ ×M E 3 (ξ, y) 7−→ ξ(y) ∈ R.

R : (xa, y i , pb, ξj) 7−→ (xa, ξi ,−pb, y
j)
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Definition

A vector subbundle of a vector bundle τ : E → M is a submanifold F ⊂ E
which is invariant with respect to the family of homotheties, ht(v) = tv ,
defined by the vector bundle structure τ .

Euler vector field is tangent to F ;

F is supported on a submanifold M0 ⊂ M.

Definition

A double vector subbundle of a double vector bundle K is a submanifold
D ⊂ K which is invariant with respect to both families of homotheties
defined by the two compatible vector bundle structures, τ1 and τ2,

Both Euler vector fields are tangent to D;

D defines subbundles F1 ⊂ K1, F2 ⊂ K2 supported on M0 ⊂ M.
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Dirac algebroids

Linearity of different geometrical structures is related to double vector
bundle structures.

A bivector field Π on a vector bundle F is linear if the corresponding
map

Π̃ : T∗F −→ TF

is a morphism of double vector bundles.

A two-form ω on a vector bundle F is linear if the corresponding map

ω̃ : TF −→ T∗F

is a morphism of double vector bundles.

Linear connections . . .
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A general algebroid is a double vector bundle morphism covering the
identity on E ∗:

T∗E
ε //

πE

!!CCCCCCCC

T∗τ

�����������������
TE ∗

Tπ

##FFFFFFFF
τE∗

�����������������

E
ρ //

τ

�����������������
TM

τM

��
















E ∗
id //

π

""EEEEEEEE E ∗

π

""EEEEEEEE

M
id // M

ε(xa, y i , pb, ξj) = (xa, ξi , ρ
b
k(x)yk , ck

ij (x)y iξk + σaj (x)pa)

Πε = ck
ij (x)ξk∂ξi ⊗ ∂ξj + ρbi (x)∂ξi ⊗ ∂xb − σ

a
j (x)∂xa ⊗ ∂ξj .
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It is a skew algebroid (resp. Lie algebroid) if the tensor Πε is a bivector
field (resp., Poisson tensor).

TE ∗ ⊕E∗ T∗E ∗

τ2

##HHHHHHHHHHHH

τ1

������������

E ∗

π

  @@@@@@@@@@@ T∗M ⊕M E ∗

��

?�

OO

TM ⊕M E

(τM ,τ)
{{vvvvvvvvvvvvv

M

τ1 : (xa, ξi , ẋ
b, ξ̇j , pc , y

k) 7→ (xa, ξi ),

τ2 : (xa, ξi , ẋ
b, ξ̇j , pc , y

k) 7→ (xa, ẋb, yk),

∇1 = pa∂pb + ξ̇j∂ξ̇j + y i∂y i + ẋb∂ẋb ,

∇2 = pa∂pb + ξi∂ξi + ξ̇j∂ξ̇j

Definition

A Dirac algebroid (resp., Dirac-Lie algebroid) structure on a vector bundle
E is an almost Dirac (resp., Dirac) subbundle D of T E ∗ being a double
vector subbundle, i.e., D is not only a subbundle of τ1 : T E ∗ → E ∗ but
also a vector subbundle of the vector bundle τ2 : T E ∗ → TM ⊕M E .
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∇1 = pa∂pb + ξ̇j∂ξ̇j + y i∂y i + ẋb∂ẋb ,

∇2 = pa∂pb + ξi∂ξi + ξ̇j∂ξ̇j

Definition

A Dirac algebroid (resp., Dirac-Lie algebroid) structure on a vector bundle
E is an almost Dirac (resp., Dirac) subbundle D of T E ∗ being a double
vector subbundle, i.e., D is not only a subbundle of τ1 : T E ∗ → E ∗ but
also a vector subbundle of the vector bundle τ2 : T E ∗ → TM ⊕M E .
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It is a skew algebroid (resp. Lie algebroid) if the tensor Πε is a bivector
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Dirac algebroids
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π

  @@@@@@@@@@@ T∗M ⊕M E ∗
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?�

OO

TM ⊕M E

(τM ,τ)
{{vvvvvvvvvvvvv

M

D

τD2

��@@@@@@@@@@
τD1

������������

PhD

πD

��>>>>>>>>>> CD

��

?�

OO

VelD

τD
������������

MD

PhD = τ1(D) - the phase bundle.

VelD = τ2(D) - the velocity bundle (anchor relation).

CD ⊂ T∗M ⊕M E ∗ - the core bundle of D.
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Dirac algebroids – examples

1. The graph of any linear bivector field is a Dirac algebroid,

Π =
1

2
ck
ij (x)ξk∂ξi ∧ ∂ξj + ρbi (x)∂ξi ∧ ∂xb , ck

ij (x) = −ck
ji (x) ,

DΠ =
{

(xa, ξi , ẋ
b, ξ̇j , pc , y

k) :

ẋb = ρbk(x)yk ,

ξ̇j = ck
ij (x)y iξk − ρaj (x)pa

}
.

The phase bundle is the whole E ∗, the velocity bundle is the graph of
ρ : E → TM:

VelDΠ
=
{

(xa, ẋb, yk) : ẋb = ρbk(x)yk
}
⊂ TM ⊕M E .

The core bundle is the graph of −ρ∗, so the annihilator
Vel⊥DΠ

⊂ T∗M ⊕M E ∗ of VelDΠ
.
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b, ξ̇j , pc , y

k) :
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Dirac algebroids – examples

2. The graph of any linear two-form is a Dirac algebroid,

ω =
1

2
ck
ab(x)ξkdxa ∧ dxb + ρib(x)dξi ∧ dxb, ck

ab(x) = −ck
ba(x) ,

Dω =
{

(xa, ξi , ẋ
b, ξ̇j , pc , y

k) :

y i = ρia(x)ẋa ,

pa = ck
ab(x)ξk ẋb − ρia(x)ξ̇i

}
.

The phase bundle is the whole E ∗, the velocity bundle is the graph of
ρ : TM → E :

VelDω = {(xa, ẋb, yk) : yk = ρka(x)ẋa} ⊂ TM ⊕M E .

The core bundle is the graph of −ρ∗, so the annihilator
Vel⊥Dω

⊂ T∗M ⊕M E ∗ of VelDω .
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The core bundle is the graph of −ρ∗, so the annihilator
Vel⊥Dω

⊂ T∗M ⊕M E ∗ of VelDω .

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011 17 / 37



Dirac algebroids – examples

2. The graph of any linear two-form is a Dirac algebroid,

ω =
1

2
ck
ab(x)ξkdxa ∧ dxb + ρib(x)dξi ∧ dxb, ck

ab(x) = −ck
ba(x) ,

Dω =
{

(xa, ξi , ẋ
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The core bundle is the graph of −ρ∗, so the annihilator
Vel⊥Dω

⊂ T∗M ⊕M E ∗ of VelDω .

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011 17 / 37



Dirac algebroids – examples

2. The graph of any linear two-form is a Dirac algebroid,

ω =
1

2
ck
ab(x)ξkdxa ∧ dxb + ρib(x)dξi ∧ dxb, ck

ab(x) = −ck
ba(x) ,

Dω =
{

(xa, ξi , ẋ
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The canonical Dirac-Lie algebroid, DM = DΠM
= DωM

, corresponding
to the canonical Lie algebroid E = TM, belongs to the both above
types.
It is associated with the canonical symplectic form ωM on E ∗ = T∗M
and, simultaneously, to the canonical Poisson tensor ΠM = ω−1

M on
T∗M. In local coordinates, the equations defining DM are

DM = {(x , ξ, ẋ , ξ̇, p, y) : ẋa = ya , ξ̇b = −pb} .

Affine Dirac algebroid is an affine subbundle in T E ∗ whose model
vector bundle is a Dirac algebroid.
Consider the extension T̃M = TM × R as a vector bundle over
M̃ = M × R. Then, the subbundle

D̃M = DM × A0 ⊂ T (T̃∗M) = T (T∗M)× T R ,

where A0 is the affine subbundle in T R defined by the constraint
ẋ0 = 1 (in the natural coordinates (x0, ẋ0, p0)), is an affine Dirac
algebroid on T̃M.
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algebroid on T̃M.

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011 18 / 37



The canonical Dirac-Lie algebroid, DM = DΠM
= DωM

, corresponding
to the canonical Lie algebroid E = TM, belongs to the both above
types.
It is associated with the canonical symplectic form ωM on E ∗ = T∗M
and, simultaneously, to the canonical Poisson tensor ΠM = ω−1

M on
T∗M. In local coordinates, the equations defining DM are
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Dirac algebroids
This description of the core of a Dirac algebroid in general gives the
following.

Theorem

The core bundle of a Dirac algebroid D is the annihilator subbundle
Vel⊥D ⊂ T∗M ⊕M E ∗ of the anchor relation VelD : CD = Vel⊥D .

In addition, for Dirac-Lie algebroids we have the following.

Theorem

If D is a Dirac-Lie algebroid, then it induces a Lie algebroid structure on
the bundle VelD .

Example

In the case of DΠ, it is the Lie algebroid structure on E ' VelDΠ
.

In the case of Dω, it is the Lie algebroid structure on TM ' VelDω .

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011 19 / 37



Dirac algebroids
This description of the core of a Dirac algebroid in general gives the
following.

Theorem

The core bundle of a Dirac algebroid D is the annihilator subbundle
Vel⊥D ⊂ T∗M ⊕M E ∗ of the anchor relation VelD : CD = Vel⊥D .

In addition, for Dirac-Lie algebroids we have the following.

Theorem

If D is a Dirac-Lie algebroid, then it induces a Lie algebroid structure on
the bundle VelD .

Example

In the case of DΠ, it is the Lie algebroid structure on E ' VelDΠ
.

In the case of Dω, it is the Lie algebroid structure on TM ' VelDω .

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011 19 / 37



Dirac algebroids
This description of the core of a Dirac algebroid in general gives the
following.

Theorem

The core bundle of a Dirac algebroid D is the annihilator subbundle
Vel⊥D ⊂ T∗M ⊕M E ∗ of the anchor relation VelD : CD = Vel⊥D .

In addition, for Dirac-Lie algebroids we have the following.

Theorem

If D is a Dirac-Lie algebroid, then it induces a Lie algebroid structure on
the bundle VelD .

Example

In the case of DΠ, it is the Lie algebroid structure on E ' VelDΠ
.

In the case of Dω, it is the Lie algebroid structure on TM ' VelDω .

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011 19 / 37



Dirac algebroids – local structure

Theorem

One can find local coordinates (x , x̂ , ξ, ξ̂, η, η̂, ζ, ζ̂) in T E ∗ such that

(x , x̂ , ξ, ξ̂) are coordinates in E ∗ with

MD = {x̂ = 0}, PhD = {x̂ = 0, ξ̂ = 0} ,

(x , x̂ , η, η̂) are coordinates in TM ⊕M E with

VelD = {x̂ = 0, η̂ = 0} ,

(x , x̂ , ζ, ζ̂) are dual coordinates in T∗M ⊕M E with

Vel⊥D = {x̂ = 0, ζ = 0} ,

D = {(x , x̂ , ξ, ξ̂, η, η̂, ζ, ζ̂) : x̂ = 0, ξ̂ = 0, η̂ = 0, ζk = c i
jk(x)ηjξi},

for some ‘structure coefficients’ c i
jk(x).
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Tulczyjew Triple

M - positions,
TM - (kinematic)
configurations,
L : TM → R - Lagrangian
T∗M - phase space

D = α−1
M (dL(TM)))

λ : TM → T∗M, λ(v) = ξ(dL(v)), λ(q, q̇) = (q,
∂L

∂q̇
).

D =

{
(q, p, q̇, ṗ) : p =

∂L

∂q̇
, ṗ =

∂L

∂q

}
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Tulczyjew Triple

M - positions,
TM - (kinematic)
configurations,
L : TM → R - Lagrangian
T∗M - phase space

Lagrangian side of the triple
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αM //
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T∗TM
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""DDDDD
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������������

TM //

τM

������������
TM

τM

������������

T∗M //
πM

##FFFFFF T∗M
πM

##FFFFFF

M // M
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Tulczyjew Triple

canonical isomorphism
T∗TM ' T∗T∗M,

H : T∗M → R

D = β−1
M (dH(T∗M)))

D =

{
(q, p, q̇, ṗ) : ṗ = −∂H

∂q
, q̇ =

∂H

∂p

}

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011 22 / 37



Tulczyjew Triple

canonical isomorphism
T∗TM ' T∗T∗M,

H : T∗M → R

D = β−1
M (dH(T∗M)))

D =

{
(q, p, q̇, ṗ) : ṗ = −∂H
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Algebroid setting, no constraints

DL

T∗E ∗

##FFFFFF

��											
Π̃ // TE ∗

##HHHHH

��










T∗E

""EEEEEE

��










εoo

E
ρ //

��










TM

��											
E

������������

ρoo

E ∗ //

##HHHHHH E ∗

##FFFFFF E ∗oo

##FFFFFF

M // M Moo

H : E ∗ −→ R

DH ⊂ T∗E ∗

D = ε(dL(E ))

D = Π̃(dH(E ∗))

L : E −→ R

DL ⊂ T∗E
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Dirac algebroid setting

D ⊂ T∗E ∗ ⊕E∗ TE ∗ ⊂ T∗E ∗ × TE ∗

D can be treated as a relation

βD : T∗E ∗−−�TE ∗.

Composing with RE : T∗E → T∗E ∗ we get another relation

εD : T∗E−−�TE ∗.

The diagram is commutative in the sense of relations

T∗E ∗

##FFFFFF

��											

βD � ,2TE ∗

##HHHHH

��










T∗E

""EEEEEE

��











εD�lr

E
VelD � ,2TM E

VelD�lr

E ∗
PhD � ,2E ∗ E ∗

PhD�lr
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How to deal with (nonholonomic) constraints?

Remember that constraints should be given not only for kinematic
configurations but also for virtual displacements.

There are two possibilities to describe a system with constraints:

1 Keep the structure of the triple unchanged and modify the way of
generating DL out of L.

2 Keep the way of generating unchanged and modify the structure
(Dirac algebroid) of the triple.

The latter is our choice.
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Dirac algebroid induced by constraints
Initial data: Dirac algebroid D on E and a vector subbundle V of VelD .

D
τD2

##FFFFFFFFF
τD1

||xxxxxxxx

PhD

πD

""EEEEEEEE CD

��

?�

OO

VelD

τD||yyyyyyyy

MD

DV

  @@@@@@@@@

||yyyyyyyyy

PhDV

""FFFFFFFFF
V⊥

��

?�

OO

V

~~}}}}}}}}}

S

V ⊂ VelD ⊂ TM ⊕M E

Ṽ = (τD2 )−1(V );

V⊥ ⊂ T∗M ⊕M E ∗, V⊥ ⊃ CD

DV = Ṽ + V⊥

Definition

The Dirac algebroid DV is called
induced from D by the subbundle V .
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Ṽ = (τD2 )−1(V );

V⊥ ⊂ T∗M ⊕M E ∗, V⊥ ⊃ CD

DV = Ṽ + V⊥
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Mechanics on Dirac algebroids

Let

D = {(x , x̂ , ξ, ξ̂, η, η̂, ζ, ζ̂) : x̂ = 0, ξ̂ = 0, η̂ = 0, ζk = c i
jk(x)ηjξi}

be a Dirac structure in T E ∗ and L : E → R be a Lagrangian.

Using standard local coordinates (x , x̂ , ξ, ξ̂, η, η̂, ζ, ζ̂), we can write
ξ = ∂L

∂y (x , y) and p = −∂L
∂x (x , y).

The (implicit) Euler-Lagrange equations read as

x̂ = 0 , ξ̂

(
x ,
∂L

∂y
(x , y)

)
= 0 , η̂(x , ẋ , y) = 0 ,

ζi

(
x ,−∂L

∂x
(x , y),

d

dt

(
∂L

∂y
(x , y)

))
+ c j

ik(x)ηk(x , ẋ , y)
∂L

∂y j
(x , y) = 0 .
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The (implicit) Hamilton equations read as

x̂ = 0 , ξ̂ = 0 , , η̂

(
x , ẋ ,

∂H

∂ξ
(x , ξ)

)
= 0 ,

ζi

(
x ,
∂H

∂x
(x , ξ), ξ̇

)
+ c j

ik(x)ηk
(

x , ẋ ,
∂H

∂ξ
(x , ξ)

)
ξj = 0 .

For the canonical Dirac algebroid DM we have x̂ = 0, ξ̂ = 0, η̂a = ẋa − ya,
ζa = ξ̇a + pa, and ck

ij = 0, so we get the standard Euler-Lagrange

dxa

dt
= ya,

d

dt

(
∂L

∂ya
(x , y)

)
=

∂L

∂xa
(x , y)

and Hamilton dξa
dt

= − ∂H

∂xa
(x , ξ) ,

dxb

dt
=
∂H

∂ξb
(x , ξ)

equations after changing the symbols y , ξ for velocities and momenta into
the standard ones, ẋ , p.
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Mechanics on presymplectic manifolds
Consider the Dirac algebroid Dω associated with a linear 2-form ω on E ∗,

ω =
1

2
ck
ab(x)ξkdxa ∧ dxb + ρib(x)dξi ∧ dxb, ck

ab(x) = −ck
ba(x) .

The implicit Euler-Lagrange equations take the form

ρia(x)
dxa

dt
(x) = y i ,

ρia(x)
d

dt

(
∂L

∂y i
(x , y)

)
= ck

ab(x)
dxb

dt
(x)

∂L

∂yk
(x , y)− ∂L

∂xa
(x , y) .

In the case of a regular presymplectic form of rank r ,

ω =
∑
a≤r

dpa ∧ dxa ,

we get the equations for the presymplectic reduction by the characteristic
distribution: the coordinates xa and ẋa with a > r are simply forgotten,

d

dt

(
∂L

∂ẋa
(x , ẋ)

)
= − ∂L

∂xa
(x , ẋ) , a ≤ r .
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Nonautonomous and constraint mechanics on algebroids
For the affine Dirac algebroid D̃M on TM × R and a time-dependent
Lagrangian L : TM × R→ R, we get as the Euler-Lagrange equations
the nonautonomous equations

dxa

dt
= ẋa,

d

dt

(
∂L

∂ẋa
(t, x , ẋ)

)
=

∂L

∂xa
(t, x , ẋ) .

This can be generalized to nonautonomous systems on skew
algebroids.

For a constraint V ⊂ E in a skew algebroid

DΠ =
{

(xa, ξi , ẋ
b, ξ̇j , pc , y

k) : ẋb = ρbk(x)yk , ξ̇j = ck
ij (x)y iξk − ρaj (x)pa

}
we get the constrained Euler-Lagrange equations (we recognize the
D’Alembert’s principle)

(x , y) ∈ V ,
dxa

dt
(x) = ρak(x)yk ,

d

dt

(
∂L

∂y j

)
(x , y)− ck

ij (x)y i ∂L

∂yk
(x , y)− ρaj (x)

∂L

∂xa
(x , y) ∈ V⊥ .
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This can be generalized to nonautonomous systems on skew
algebroids.

For a constraint V ⊂ E in a skew algebroid

DΠ =
{

(xa, ξi , ẋ
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Rolling disc

b

b (x, y)

ϕ

ϑ

N = R2 × S1 × S1 3 (x , y , ϕ, ϑ)

L : TN −→ R
L(v) = m

2 (ẋ2 + ẏ 2) + J1
2 ϕ̇

2 + J2
2 ϑ̇

2

ẋ = Rϑ̇ cosϕ ẏ = Rϑ̇ sinϕ

⇓ reduction

System on a Lie algebroid

E = TS1 × R3

τ
��

M = S1

, (ϕ, ϕ̇, ẋ , ẏ , ϑ̇)

��
(ϕ)

ρ : E 3 (ϕ, ϕ̇, ẋ , ẏ , ϑ̇) 7→ (ϕ, ϕ̇) ∈ TS1
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ẋ = Rϑ̇ cosϕ ẏ = Rϑ̇ sinϕ
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ρ : E 3 (ϕ, ϕ̇, ẋ , ẏ , ϑ̇) 7→ (ϕ, ϕ̇) ∈ TS1

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011 32 / 37



Rolling disc
New coordinates (ϕ, y i ) in E associated to global sections

e1 = ∂ϕ, e2 = ∂ϑ + R cosϕ∂x + R cosϕ∂y , e3 = ∂x , e4 = ∂y

[e1, e2] = R cosϕe4 − R sinϕe3

D ⊂ TE ∗ ⊕E∗ T∗E ∗

(ϕ, ξi , ϕ̇, ξ̇j , p, y
k) :

ϕ̇ = y 1

ξ̇1 = y 2(Rξ3 sinϕ− Rξ4 cosϕ)− p

ξ̇2 = −Rξ3 sinϕ+ Rξ4 cosϕ

ξ̇3 = ξ̇4 = 0

{(ϕ, y) : y 3 = y 4 = 0} ⊂ E

VelD ⊃ V = VelDV

{(ϕ, y , ϕ̇) : y 3 = y 4 = 0, y 1 = ϕ̇}

CD ⊂ V⊥

{(ϕ, p, ξ̇i ) : p + ξ̇1 = 0, ξ̇2 = 0

ξ̇3, ξ̇4 – arbitrary }

PhDV = E ∗
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Rolling disc
The dynamics D ⊂ TE ∗ (admits a Hamiltonian !)

D = {(ϕ, ξi , ϕ̇, ξ̇j) : ξ3 =
mR

mR2 + J2
ξ2 cosϕ , ϕ̇ =

1

J1
ξ1 ,

ξ4 =
mR

mR2 + J2
ξ2 sinϕ , ξ̇1 = ξ̇2 = 0} .

Note that ξ̇3 , ξ̇4 in D are arbitrary, but ξ3, ξ4 are determined by
integrability conditions.

The constrained Euler-Lagrange equations are

y 3 = y 4 = 0 ,
dϕ

dt
= y 1 , (mR2 + J2)

dy 2

dt
= 0 , J1

dy 1

dt
= 0 .

that can be rewritten as

ẋ1 = R θ̇ cosϕ , ẋ2 = R θ̇ sinϕ , ϕ̈ = 0 , θ̈ = 0 .
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Conclusions

Canonical symplectic forms on cotangent bundles, skew-algebroid
structures, Dirac algebroids induced by constraints, etc., are all special
examples of a Dirac algebroid. We can therefore describe all main types of
mechanical systems using this single geometric structure!

THANK YOU!
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