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@ How to deal with nonholonomic constraints? — Dirac structures

We are looking for a geometrical framework of analytical mechanics which
includes
@ Reduction procedures — algebroids

@ Nonholonomic constraints — Dirac algebroids
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@ There is a canonical symmetric pairing on the extended tangent

bundle (Pontryagin bundle) TN = TN &y T*N:

(X1 + a1 [ Xo+a2) = % (a1(X2) + a2(X1)) .

o Courant-Dorfman bracket on the space of Sec(7 N):
[X1 + a1, Xo + ao] = [X1, Xo] + Lx, a0 — 1x,d .

Definition
An almost Dirac structure on the smooth manifold N is a subbundle D of
T N which is maximally isotropic with respect to the symmetric pairing

().
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Dirac structures

@ There is a canonical symmetric pairing on the extended tangent
bundle (Pontryagin bundle) TN = TN &y T*N:

(X1 + a1 [ Xo+a2) = % (a1(X2) + a2(X1)) .

e Courant-Dorfman bracket on the space of Sec(7 N):

|[X1 + al,XQ + 042]] = [Xl,XQ] + £X1042 — ZX2d041 .

Definition

An almost Dirac structure on the smooth manifold N is a subbundle D of
T N which is maximally isotropic with respect to the symmetric pairing
(+]-). If, additionally, the space of sections of D is closed under the
Courant-Dorfman bracket, we speak about a Dirac structure.

Note that here a subbundle D may be supported on a submanifold
No C N.
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o The first integrability condition for the almost Dirac structure says
that
prrn(D) C Tho,

so the Courant-Dorfman bracket reduces to a well-defined bracket
[-,-]p on sections of D.

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011 5/37



o The first integrability condition for the almost Dirac structure says
that
prrn(D) C Tho,

so the Courant-Dorfman bracket reduces to a well-defined bracket
[-,-]p on sections of D.

e The second integrability condition says that [-,-]p takes values in
Sec(D):

[-,-1o : Sec(D) x Sec(D) — Sec(D) C Sec((T N)|n) -
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o The first integrability condition for the almost Dirac structure says
that
prrn(D) C Tho,

so the Courant-Dorfman bracket reduces to a well-defined bracket
[-,-]p on sections of D.

@ The second integrability condition says that [-,-]p takes values in
Sec(D):

[-,-1o : Sec(D) x Sec(D) — Sec(D) C Sec((T N)|n) -

By definition, an almost Dirac structure is a Dirac structure if and only if
it satisfies both the integrability conditions.
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e For e Sec(A’°TN), M:T*N > a+—s 1, e TN,

D = graph(N) C TN is an almost Dirac structure.
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o ForMe Sec(A’°TN), M:T*N 3> ar—s 1, € TN,
D = graph(M) € TN is an almost Dirac structure .

1 is a Poisson < D is a Dirac structure.
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o ForMe Sec(A’°TN), M:T*N 3> ar—s 1, € TN,
D = graph(M) € TN is an almost Dirac structure .
I1is a Poisson < D is a Dirac structure.
e Forwe Sec(/\zT*N), w: TN X —axw € T*N,
D = graph(w) C TN is an almost Dirac structure.
w is a closed < D is a Dirac structure.
@ For a distribution A on N,
D=A&AT CTN isan almost Dirac structure.

A is integrable < D is a Dirac structure.
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Double vector bundles
Definition
A double vector bundle is a manifold with two compatible vector bundle

structures. Compatibility means that the Euler vector fields (generators of
homothethies) associated with the two structures commute.
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e Ti, T, Ty, T are v.b.
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e Ti, T, Ty, T are v.b.
@ The core

C = {k € K: Tl(k) = 0,7’2(/() = 0},

K
Zl/jx T is a v.b.
C

i« @ (71.71), (72.75) are v.b. morphisms
2
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Double vector bundles
Definition
A double vector bundle is a manifold with two compatible vector bundle

structures. Compatibility means that the Euler vector fields (generators of
homothethies) associated with the two structures commute.

® 71, T2, T1, T4 are v.b.

@ The core
C={keK: r(k)=0,1(k) =0},

\ 70 is a v.b.
@ (71.71), (72.75) are v.b. morphisms
/ @ There is one more (affine) bundle

N
AN

7'1><T2:K—>K1><MK2

modeled on the pull-back of the core
Kl XMK2 XMC—>K1 XMK2
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Double vector bundles

First example: TE*.
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Double vector bundles

First example: TE*.

T:E —> M
(x7,y") ¥ (x7)

™ ™ — M
(x",i(b) — (x?)
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Double vector bundles

First example: TE™.

T E — M T:E*— M
(x%,y") — (x?) (x?, &) — (x?)
T/\//ITM—>M 7T/\/IZT*M—>M
(x?, xb) — (x?) (x?, pp) — (x7)
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Double vector bundles

First example: TE*.

T E—M T E* — M
(x%,y") — (x?) (x?, &) — (x?)
TmiTM—>M 7T/\42T*M—>M
(x?, xP) — (x?) (x?, pp) — (x?)

Tex 1 TE® — E*
(Xaagh).(baé.j) — (Xavé.i)

Tropy : TE* — TM
(x?,&, %P, &) — (x7, %)
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Double vector bundles

First example: TE*.

T E—M

(x?,y") — (x°)

™ - ™ — M
(x?, %) — (x?)

TE*

O
\/

T E*— M

(x%,&i) — (x7)

7T/\42T*M—>M

(% pp) — (x%)

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011

8 /37



Double vector bundles

First example: TE*.

T E—M T E* — M

(x%,y") — (x?) (x?, &) — (x?)

TmiTM—>M 7T/\42T*M—>M

(x?, xP) — (x?) (x?, pp) — (x?)
TE*®

E* TE/QWLT
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Double vector bundles

First example: TE*.

T E—M T E* — M
(x*,y") — (x7) (x,&i) — (x7)
TmiTM—>M 7T/\42T*M—>M
(x?,xP) — (x?) (x?, pp) — (x7)
TE*
Vj \TZ V1= x%0z + f.,'aéi
E* E* ™

M
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g« TFE* — E*

(X37§i7 pbvyJ) — (Xa7§i)
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Second example: T*E*.

g« TFE* — E*

(Xavé.i?pbvyj) — (Xa7§i)
C:TE* — E

(x2, &, pp, y) — (X2, ¥)
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Second example: T*E*.

g« TFE* — E*

(X37§i7 pbvyJ) — (Xa7§i)

C:TE* — E
(X2, &0, P, y?) > (x7, )

T*E*
E* E
M
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Second example: T*E*.

mex TYE* — E*

(X37§i7 pbvyJ) — (Xa7§i)

C:T'E* — E
(x2,&i, Pp, YY) — (X%, ¥7)

u]
)
I
il
it
5
pe)
Pl

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids



Second example: T*E*.

g TFE* — E*

(X37§i7 Pb»yj) — (Xaa €I)

C:T'E* — E
(x2,&i, Pp, YY) — (X%, ¥7)

T* E*
= IN
E* ™M E
M
Vi = paapa + yiay; , Vo= paapa + 5,-85, .
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Canonical isomorphism: T*E* ~ T*E.
T*E*

BN
Nt

M

(Xaa €i7 pb:.yj)
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Canonical isomorphism: T*E* ~ T*E.

T* E*

BN
Nt

M

(Xaa Ei: pb:.yj)

JG, KG (IMPAN)

Tulczyjew Triples and Dirac Algebroids

(Xaayiv Pb, §J)

N

p)



Canonical isomorphism: T*E* ~ T*E.

T*E* TE
E* ™M E E* ™M E
\ l”% \ i”%
M M
(Xavé.ivpbvyj) (Xaayivpbagj)

T*E* is (symplectically) isomorphic to T*E. The graph of the canonical
d.v.b. anti-symplectic isomorphism R is the lagrangian submanifold
generated in

T(E*XE)~T'E*XT'E by E*xpmE>(y)—&(y) R
R: (Xa7yi7pb7§j) — ( fla —Pb,Y )
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Definition
A vector subbundle of a vector bundle 7: E — M is a submanifold F C E
which is invariant with respect to the family of homotheties, h:(v) = tv,

defined by the vector bundle structure 7.
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Definition

A vector subbundle of a vector bundle 7 : E — M is a submanifold F C E
which is invariant with respect to the family of homotheties, h:(v) = tv,
defined by the vector bundle structure 7.

@ Euler vector field is tangent to F;
@ F is supported on a submanifold My C M.

Definition

A double vector subbundle of a double vector bundle K is a submanifold
D C K which is invariant with respect to both families of homotheties
defined by the two compatible vector bundle structures, 7 and 7o,

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011 11 /37



Definition

A vector subbundle of a vector bundle 7 : E — M is a submanifold F C E
which is invariant with respect to the family of homotheties, h:(v) = tv,
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Definition
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Definition

A vector subbundle of a vector bundle 7 : E — M is a submanifold F C E
which is invariant with respect to the family of homotheties, h:(v) = tv,
defined by the vector bundle structure 7.

@ Euler vector field is tangent to F;
@ F is supported on a submanifold My C M.

Definition

A double vector subbundle of a double vector bundle K is a submanifold
D C K which is invariant with respect to both families of homotheties
defined by the two compatible vector bundle structures, 7 and 7o,

@ Both Euler vector fields are tangent to D;
@ D defines subbundles F; C Ky, F» C K5 supported on My C M.
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Dirac algebroids

Linearity of different geometrical structures is related to double vector
bundle structures.
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Dirac algebroids

Linearity of different geometrical structures is related to double vector
bundle structures.

@ A bivector field I1 on a vector bundle F is linear if the corresponding
map N
n:T™F —TF

is a morphism of double vector bundles.
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Dirac algebroids

Linearity of different geometrical structures is related to double vector
bundle structures.

@ A bivector field I1 on a vector bundle F is linear if the corresponding
map B
n:T™F —TF

is a morphism of double vector bundles.

@ A two-form w on a vector bundle F is linear if the corresponding map
w:TF —T'F

is a morphism of double vector bundles.
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Dirac algebroids

Linearity of different geometrical structures is related to double vector
bundle structures.

@ A bivector field I1 on a vector bundle F is linear if the corresponding
map B
n:T™F —TF

is a morphism of double vector bundles.

@ A two-form w on a vector bundle F is linear if the corresponding map
w:TF —T'F
is a morphism of double vector bundles.
@ Linear connections ...
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@ A general algebroid is a double vector bundle morphism covering the
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@ A general algebroid is a double vector bundle morphism covering the
identity on E*:

TE*
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@ A general algebroid is a double vector bundle morphism covering the
identity on E*:

T*E = TE*
V\ TE* \TT;
T E p/ ™
E* id E* ™
M id M

5(Xav.yiv Pb, gj) = (Xav &is pf(X)yk, Cg(x)yifk + O-j?(X)pa)
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@ A general algebroid is a double vector bundle morphism covering the
identity on E*:

T*E = TE*
V\ TE* \TT;
T E p/ ™
E* id E* ™
M id M

5(Xav.yiv Pb, gj) = (Xav &is pf(X)yk, Cg(x)yifk + O-j?(X)pa)

M. = cf(x)Ede, © 0, + pH(x)e, © Do — 07 (x)Do ® .
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field (resp., Poisson tensor).

It is a skew algebroid (resp. Lie algebroid) if the tensor . is a bivector
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It is a skew algebroid (resp. Lie algebroid) if the tensor . is a bivector
field (resp., Poisson tensor).

TE* &g« TYE*
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It is a skew algebroid (resp. Lie algebroid) if the tensor . is a bivector
field (resp., Poisson tensor).

TE* DEx T*E* T1 - (Xaagh).(baéﬁpcayk)H(Xa7§i)7

/ \ T2 : (Xa7§i7).<b7§.j7pC7.yk) = (Xa7).<b7yk)7
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It is a skew algebroid (resp. Lie algebroid) if the tensor . is a bivector
field (resp., Poisson tensor).

TE* DEx T*E* T1 - (Xaagivxbaéﬁpcayk)H(Xa7§i)7

/ \ T2 : (Xa7§i7).<b7§.j7pC7.yk) = (Xa7).<b7yk)7

E* T"MenyE* TMéyE

™

N

V1 = pa0p, + éjaéj + y’8y; + Xba)-(b ,

(m,7
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It is a skew algebroid (resp. Lie algebroid) if the tensor . is a bivector
field (resp., Poisson tensor).

TE* DEx T*E* T1 - (Xaagivxbaéﬁpcayk)H(Xa7§i)7

/ \ T2 : (Xa7§i7).<b7§.j7pC7.yk) = (Xa7).<b7yk)7

E* T"MenyE* TMéyE

T . . .
Vi= paapb + §j8£-j + y’8y,- + Xba)-(b ,

(m,7

M Vo = paapb + {,’8&. + éja‘éj

N
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It is a skew algebroid (resp. Lie algebroid) if the tensor . is a bivector
field (resp., Poisson tensor).

TE* DEx T*E* T1 - (Xayé.i?).(bvéjvpcayk)H(Xa7§i)7

/ \ T2 : (Xa7§i7).<b7§.j7p67yk) = (Xa7).<b7yk)7

E* T"MenyE* TMéyE

T . . .
Vi= paapb + fjaéj +y’8y,- + Xba)-(b ,

(m,7

M Vo = paapb + {,’8& + éj@éj

N

Definition

A Dirac algebroid (resp., Dirac-Lie algebroid) structure on a vector bundle
E is an almost Dirac (resp., Dirac) subbundle D of T E* being a double
vector subbundle, i.e., D is not only a subbundle of 71 : TE® — E* but
also a vector subbundle of the vector bundle 7 : TE* — TM & E.
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Dirac algebroids

TE* ©p- T E*

E* T'M

™

AN

®pm EF ™M &pm E

JG, KG (IMPAN)

(TMvT)
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Dirac algebroids

TE* ©p- T E*

D
D
/ X 1

T"M&p EY

™ &Yy E PhD CD VeID
Y

M
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o F
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Dirac algebroids

TE* ©p- T E*

D
TD 7_D
Y TN
ﬂ‘D
\ - \ /
M Mp
@ Php = 11(D) - the phase bundle.

JG, KG (IMPAN)
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Dirac algebroids

TE* ®p. T*E*

/

E* T'M

N

Gm E*

M

JG, KG (IMPAN)

T2

TM ®pm E

y /
D
(TMvT) T

e Php = 11(D) - the phase bundle.
o Velp = (D) - the velocity bundle (anchor relation).
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Dirac algebroids

TD 7_D
Y TN
ﬂ.D
\ o \ %
M Mp

e Php = 11(D) - the phase bundle.
o Velp = (D) - the velocity bundle (anchor relation).
o Cp CT"M @y E* - the core bundle of D.
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Dirac algebroids — examples
1. The graph of any linear bivector field is a Dirac algebroid,

1
Nn= ECg(X)fka& A afj + plb(X)afl N axbv C/'IY(X) = _CJ!;(X)’
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Dirac algebroids — examples
1. The graph of any linear bivector field is a Dirac algebroid,

1
Nn= §C§(X)fka§; A aﬁj + plb(X)afl N axbv C/'IY(X) = _CJ!;(X)’

Dn = {(Xa,ﬁi,kb,fjapayk) :
X0 = pR(x)y%,
&= Cijf(x)yifk - pj‘-’(x)pa} )
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Dirac algebroids — examples
1. The graph of any linear bivector field is a Dirac algebroid,

1
Nn= Eclé{(x)ékafi A aﬁj + plb(X)afl N 8Xb’ C,!Y(X) = _CJ!;(X)’

Dn = {(Xa7§i’).<ba§.japz:7yk) :
xP = pR(x)y",

&= Cijf(x)yiﬁk - pj‘-’(x)pa} )

The phase bundle is the whole E*, the velocity bundle is the graph of
p:E—TM:

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011

16 / 37



Dirac algebroids — examples
1. The graph of any linear bivector field is a Dirac algebroid,

1
Nn= Eclé{(x)ékafi A afj + pf)(x)afl N 8Xb’ Cik(x) = _CJ!;(X)’

Dn = {(Xa7§i,>'<b,§.japc7yk) :
X0 = pR(x)y%,
&= Cijf(x)yiﬁk - pj‘-’(x)pa} )

The phase bundle is the whole E*, the velocity bundle is the graph of
p:E—TM:

Velp, = {(x",i(b,yk) xP = p’,ﬁ(x)yk} CTMeumE.
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Dirac algebroids — examples
1. The graph of any linear bivector field is a Dirac algebroid,

1
Nn= §C§(X)£ka§; A afj + p/b(X)afl N 8Xb? Cik(X) = _CJ!;(X)’

Dn = {(Xa7§i7).<baéjapcvyk) :
X0 = pR(x)y",

&= Cilj(x)yifk - pj‘-’(x)pa} )

The phase bundle is the whole E*, the velocity bundle is the graph of
p:E—TM:

Velp, = {(x",i(b,yk) xP = p’,ﬁ(x)yk} CTMeumE.

The core bundle is the graph of —p*, so the annihilator
Velﬁn CT*M ®pm E* of Velp,.
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Dirac algebroids — examples

2. The graph of any linear two-form is a Dirac algebroid,

1
w = EC b( )Ekdx? A dxb + pb(x)dg, A dx Cfb(x) = —cfja(x),
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Dirac algebroids — examples
2. The graph of any linear two-form is a Dirac algebroid,

1 .
w = 5 Cp(X)ekdx? A dx® + ph(x)d A dx®, - ch(x) = —cgy(x),

Dw = {(Xa)§i7).<buéj7pC7yk) :
yh=ph(x)x?,
Pa = Chp(x)ix® — PQ(X)SI'} :
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Dirac algebroids — examples
2. The graph of any linear two-form is a Dirac algebroid,

1 .
w = 5 Cp(X)ekdx? A dx® + ph(x)d A dx®, - ch(x) = —cgy(x),

D, = {(Xa,fi,kb,éppc,yk)i

y'=ph()x?,
pa = chy(x)&x — ph(x)éi}

The phase bundle is the whole E*, the velocity bundle is the graph of
p:TM — E:

Velp, = {(x*,x%,y*) : y* = p5(x)x*} CTM @&m E .
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Dirac algebroids — examples
2. The graph of any linear two-form is a Dirac algebroid,

Lk

w = 5 Cp(X)ekdx? A dx® + ph(x)d A dx®, - ch(x) = —cgy(x),

D, = {(Xa,fi,kb,éj7PC7yk)i

y'=ph()x?,
pa = chy(x)&x — ph(x)éi}

The phase bundle is the whole E*, the velocity bundle is the graph of
p:TM — E:

Velp, = {(x*,x%,y*) : y* = p5(x)x*} CTM @&m E .

The core bundle is the graph of —p*, so the annihilator
Vel C T*M @y E* of Velp,.
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@ The canonical Dirac-Lie algebroid,
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@ The canonical Dirac-Lie algebroid, Dy = Dp,, = D,,,,, corresponding
to the canonical Lie algebroid E = TM, belongs to the both above
types.
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@ The canonical Dirac-Lie algebroid, Dy = Dp,, = D,,,,, corresponding
to the canonical Lie algebroid E = TM, belongs to the both above
types.

It is associated with the canonical symplectic form wp on E* =T*M
and, simultaneously, to the canonical Poisson tensor 1, = w,\_/,l on
T*M. In local coordinates, the equations defining Dy, are

DM: {(X7§7X7€.7p7y):x.a :)/37 éb: _Pb}
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@ The canonical Dirac-Lie algebroid, Dy = Dp,, = D,,,,, corresponding
to the canonical Lie algebroid E = TM, belongs to the both above

types.
It is associated with the canonical symplectic form wp on E* =T*M

and, simultaneously, to the canonical Poisson tensor 1, = w,\_/,l on
T*M. In local coordinates, the equations defining Dy, are

DM: {(X7§7X7€.7p7y):x.a :)/37 éb: _Pb}

o Affine Dirac algebroid
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The canonical Dirac-Lie algebroid, Dy = Dp,, = D,,,, corresponding
to the canonical Lie algebroid E = TM, belongs to the both above
types.

It is associated with the canonical symplectic form wy on E* = T*M
and, simultaneously, to the canonical Poisson tensor 1, = w,\_/,l on
T*M. In local coordinates, the equations defining Dy, are

DM: {(X7§7X7€.7p7y) :X.a :)/37 éb: _Pb}

Affine Dirac algebroid is an affine subbundle in 7 E* whose model
vector bundle is a Dirac algebroid.
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@ The canonical Dirac-Lie algebroid, Dy = Dp,, = D,,,,, corresponding
to the canonical Lie algebroid E = TM, belongs to the both above
types.

It is associated with the canonical symplectic form wy on E* = T*M
and, simultaneously, to the canonical Poisson tensor 1, = w,\_/,l on
T*M. In local coordinates, the equations defining Dy, are

DM: {(X7§7X7€.7p7y) :X.a :)/37 éb: _Pb}

o Affine Dirac algebroid is an affine subbundle in 7 E* whose model
vector bundle is a Dirac algebroid.
Consider the extension TM =TM x R as a vector bundle over
M = M x R. Then, the subbundle

Dy = Dy x A C T(T*M) = T(T*M) x TR,

where Ag is the affine subbundle in 7R defined by the constraint
Xo =1 (in the natural coordinates (xo, Xo, po)), is an affine Dirac
algebroid on TM.
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Dirac algebroids

This description of the core of a Dirac algebroid in general gives the
following.

Theorem

The core bundle of a Dirac algebroid D is the annihilator subbundle
Velf; C T*M @&y E* of the anchor relation Velp: Cp = Velé .
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Dirac algebroids

This description of the core of a Dirac algebroid in general gives the
following.

Theorem

The core bundle of a Dirac algebroid D is the annihilator subbundle
Vel C T*M @p E* of the anchor relation Velp: Cp = Vel .

In addition, for Dirac-Lie algebroids we have the following.
Theorem

If D is a Dirac-Lie algebroid, then it induces a Lie algebroid structure on
the bundle Velp.
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Dirac algebroids

This description of the core of a Dirac algebroid in general gives the
following.

Theorem

The core bundle of a Dirac algebroid D is the annihilator subbundle
Vel C T*M @p E* of the anchor relation Velp: Cp = Vel .

In addition, for Dirac-Lie algebroids we have the following.

Theorem

If D is a Dirac-Lie algebroid, then it induces a Lie algebroid structure on
the bundle Velp.

Example

In the case of Dp, it is the Lie algebroid structure on E ~ Velp,,.
In the case of D,,, it is the Lie algebroid structure on TM ~ Velp .

v
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Dirac algebroids — local structure

Theorem

One can find local coordinates (x, X, 5,2, n,7,¢, E) in TE* such that
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Dirac algebroids — local structure

Theorem

One can find local coordinates (x, X, 5,5, n,7,¢, E) in TE* such that

~

o (x,x,¢&,&) are coordinates in E* with

Mp = {x =0}, Php = {x =0, =0},
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Dirac algebroids — local structure

Theorem

One can find local coordinates (x, X, 5,5, n,7,¢, E) in TE* such that

~

o (x,x,¢&,&) are coordinates in E* with
Mp = {x =0}, Php = {x = 0,€ = 0},
e (x,x,m,n) are coordinates in TM &y E with

Velp = {%x=0, 7=0},
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Dirac algebroids — local structure

Theorem

One can find local coordinates (x, X, 5,5, n,7,¢, E) in TE* such that

o~

o (x,x,¢&,&) are coordinates in E* with
Mp = {% =0}, Php = {x =0, =0},
e (x,x,m,n) are coordinates in TM &y E with
Velp ={x=0, n=0},
° (x,Xx,¢, Z) are dual coordinates in T*M &y E with

Velp = {x=0, (=0},
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Dirac algebroids — local structure

Theorem

One can find local coordinates (x, X, 5,5, n,7,¢, E) in TE* such that

o~

o (x,x,¢&,&) are coordinates in E* with
Mp = {% =0}, Php = {x =0, =0},
e (x,x,m,n) are coordinates in TM &y E with
Velp ={x=0, n=0},
° (x,Xx,¢, Z) are dual coordinates in T*M &y E with

Velp = {x=0, (=0},

o D={(x%6&n0,¢0): X=0,8=0,7=0, ¢ = ()&},

for some ‘structure coefficients’ ¢y (x).
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Tulczyjew Triple

M - positions,
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Tulczyjew Triple

M - positions,

TM - (kinematic)
configurations,
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Tulczyjew Triple

M - positions,

TM - (kinematic)
configurations,

L:TM — R - Lagrangian
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Tulczyjew Triple

M - positions,

TM - (kinematic)
configurations,

L:TM — R - Lagrangian
T*M - phase space
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Tulczyjew Triple
Lagrangian side of the triple

M - positions, TT*M ay T M
TM - (kinematic) T FTM
configurations, T ™

L:TM — R - Lagrangian
T*M - phase space M T* ™
W
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Tulczyjew Triple
Lagrangian side of the triple

M - positions, DS TTM
TM - (kinematic) AW
configurations,

L:TM — R - Lagrangian
T*M - phase space TM oo S

D = oy (dL(TM)))
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Tulczyjew Triple
Lagrangian side of the triple

M - positions, D TT*M Sl T*TM < dt

TM - (kinematic) AW N
configurations, TM S " ™

L:TM — R - Lagrangian 7
T*M - phase space TM o R

D = oy (dL(TM)))
A TM = TM, A(v) = £(dL(v)), Mq,q) = (q, gg)-
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Tulczyjew Triple
Lagrangian side of the triple

M - positions, D TT*M Sl T*TM < dt

TM - (kinematic) AW N
configurations, TM S " ™

L:TM — R - Lagrangian 7
T*M - phase space TM o R

D = oy (dL(TM)))
AITM S TM, M) = €AL(v)). A(9.4) = (4. o¢).

- oL . 0L
DZ{(q,p,q,p): P= g p:aq}
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Tulczyjew Triple

canonical isomorphism
T*TM ~ T*T*M,
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Tulczyjew Triple

canonical isomorphism
T*TM ~ T*T*M,

H:T*"M — R

JG, KG (IMPAN)
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Tulczyjew Triple

Hamiltonian side of the triple

Bm

kTk *
canonical isomorphism M TT*M o
T*TM ~ T*T*M, C\‘\ T M \
e ™ ™
H:T*M >R - /

™M ™

T*M
N N
M M
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Tulczyjew Triple

Hamiltonian side of the triple

Bm

canonical isomorphism TTM TT*M <D
TTM ~TT*M dH \ AW
Tk TI\//
H: T"M — R
M oo b M
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Tulczyjew Triple

Hamiltonian side of the triple

*T* M Bm *
canonical isomorphism M TT"M<D
TTM = TT*M, aH \ N

T e TM
H: T"M — R
Moo M

D = By (dH(T*M)))

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011 22 /37



Tulczyjew Triple

Hamiltonian side of the triple

*T* M Bm *
canonical isomorphism M TT"M<D
TTM = T*T* M aH \ N

T e TM
H: T"M — R
Moo M

D = By (dH(T*M)))

OH oH
D = - [ . [ = —_—— - = —_—
{(q,p, Gp): p==% 4 ap}
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Algebroid setting, no constraints

T*E*

/\E ’ TE*\ |
E*\ / E

T“E

/ ™

*

=
S/ E*\M/

JG, KG (IMPAN)

Tulczyjew Triples and Dirac Algebroids



Algebroid setting, no constraints
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Algebroid setting, no constraints

D,

R S
//;\\\ P / \\TM :\QQL
\ 7 N

D = £(dL(E)) L:E—R
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Algebroid setting, no constraints

DH D,

R
/T E\ p TE\TM : E<\\\E
/ /2
E* E*
\M/ N

H:E*—R D = e(dL(E)) L:E—R
Dy C TE* D = M(dH(E*)) D, CT'E
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Dirac algebroid setting

D C T'E" ®p-TE"

JG, KG (IMPAN)
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Dirac algebroid setting

D C T'E" ©®p«TE®

C T'E*xXTE*®
D can be treated as a relation

Bp : TE*—>TE*.

AR )

o F
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Dirac algebroid setting

D Cc T'E*®gTE®* C T'E*xTE"
D can be treated as a relation
Bp : T"E*—>TE™.
Composing with Rg : T*E — T*E™ we get another relation

ep: T"E—>TE™.
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Dirac algebroid setting
D C T'E*®e-TE* C T'E*xXTE*
D can be treated as a relation
Bp : T"E*—>TE™.
Composing with Rg : T*E — T*E™ we get another relation
ep: T"E—>TE™.
The diagram is commutative in the sense of relations

Bp

T*E* >TE*< b T*E
E Ve'; > TM< V;’D E
E* il > E* il E*
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Dirac algebroid setting

Dy D
{ . [
T* E*
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Dirac algebroid setting

Dy D D,
¢ ; [ ) ¢
T*E* o >TE*< c
dH \
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Dirac algebroid setting

Dy D D,
¢ ; [ ) ¢
T*E* o >TE*< c
dH \

JG, KG (IMPAN)
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Dirac algebroid setting

DH

r b
h
T* E* Fo >TE*< =0 T*E \d
% \ Velp \;T Vs Velp, \
/ [
> E*< Ph E*
H:E* R

Dy C T'E*

D = ey(dL(E))
D = Bv(dH(E™))

JG, KG (IMPAN)
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How to deal with (nonholonomic) constraints?

Remember that constraints should be given not only for kinematic
configurations but also for virtual displacements.
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How to deal with (nonholonomic) constraints?

Remember that constraints should be given not only for kinematic
configurations but also for virtual displacements.

There are two possibilities to describe a system with constraints:
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How to deal with (nonholonomic) constraints?

Remember that constraints should be given not only for kinematic
configurations but also for virtual displacements.

There are two possibilities to describe a system with constraints:

@ Keep the structure of the triple unchanged
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How to deal with (nonholonomic) constraints?

Remember that constraints should be given not only for kinematic
configurations but also for virtual displacements.

There are two possibilities to describe a system with constraints:

© Keep the structure of the triple unchanged and modify the way of
generating D; out of L.
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How to deal with (nonholonomic) constraints?

Remember that constraints should be given not only for kinematic
configurations but also for virtual displacements.

There are two possibilities to describe a system with constraints:

© Keep the structure of the triple unchanged and modify the way of
generating D; out of L.

@ Keep the way of generating unchanged
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How to deal with (nonholonomic) constraints?

Remember that constraints should be given not only for kinematic
configurations but also for virtual displacements.

There are two possibilities to describe a system with constraints:

@ Keep the structure of the triple unchanged and modify the way of
generating D; out of L.

@ Keep the way of generating unchanged and modify the structure
(Dirac algebroid) of the triple.
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How to deal with (nonholonomic) constraints?

Remember that constraints should be given not only for kinematic
configurations but also for virtual displacements.

There are two possibilities to describe a system with constraints:

@ Keep the structure of the triple unchanged and modify the way of
generating D; out of L.

@ Keep the way of generating unchanged and modify the structure
(Dirac algebroid) of the triple.

The latter is our choice.
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Dirac algebroid induced by constraints
Initial data: Dirac algebroid D on E and a vector subbundle V' of Velp.

D
P JA P
PhD CD VelD
7D
Mp
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Dirac algebroid induced by constraints
Initial data: Dirac algebroid D on E and a vector subbundle V' of Velp.

D
TP JA P
e VC VelpCTMdpyE
PhD CD VelD
7]_D
Mp

JG, K IMPAN ulczyjew Triples an irac Algebroids 23/03/20 27 /37
G, KG Tulczyjew Tripl d Dirac Algebroid: 11



Dirac algebroid induced by constraints
Initial data: Dirac algebroid D on E and a vector subbundle V' of Velp.

D
TP j\ P
e VC VelpCTMdpyE
Php Cp Velp ~
D o V=(r) }(V);
Mp
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Dirac algebroid induced by constraints

Initial data: Dirac algebroid D on E and a vector subbundle V' of Velp.

D
7P JA P
e VC VelpCTMdpyE
Php Cp Velp ~
Y o V= () H(V);
|
M o VIcT"MayE*, VD (Cp
D
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Dirac algebroid induced by constraints

Initial data: Dirac algebroid D on E and a vector subbundle V' of Velp.

7P JA P
e VC VelpCTMdpyE
V= (2)(v)

A
N\

o VicT*MaymE*, V> (Cp

e DV =V1+Vvt
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Dirac algebroid induced by constraints
Initial data: Dirac algebroid D on E and a vector subbundle V' of Velp.

D
7_D TD
1 2
j\ e VC\VelpCcTMa&y E
Php Cp Velp _
D o V= () H(V);
Mp °o VICT*MayE*, V- D Cp
o DV =V 4Vt
DV
/JA \ Definition
Phpyv VL v The Dirac algebroid D" is called
\ J{ / induced from D by the subbundle V.
S
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Mechanics on Dirac algebroids

Let

D={(x%&ENNCC): X=0,€=0, 7=0, Gk = ch(x)n&}

be a Dirac structure in TE* and L : E — R be a Lagrangian.
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Mechanics on Dirac algebroids

Let

~

D={(x%6EMCC): Xx=0,E=0,7=0, ¢ = ch(x)&}
be a Dirac structure in TE* and L : E — R be a Lagrangian.

Using standard local coordinates (x,?,g,an,ﬁ, ¢, E) we can write
€= 5o (x,y) and p = —55(x,y).
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Mechanics on Dirac algebroids

Let

~

D={(x%6EMCC): Xx=0,E=0,7=0, ¢ = ch(x)&}

be a Dirac structure in TE* and L : E — R be a Lagrangian.

Using standard local coordinates (X,S?,é,g,n,ﬁ, ¢, E) we can write
€= 5o (x,y) and p = —55(x,y).

The (implicit) Euler-Lagrange equations read as
~ ~ L PO
x=0, §<X,gy(x,y)>—0, nx, x,y) =0,

G (5=t gt (G0 ) + xS =0,
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The (implicit) Hamilton equations read as

=0, (= ﬁ( 85( 5))
( Z(XS ).€) + el (x5 5 (x@)

JG, KG (IMPAN)

Tulczyjew Triples and Dirac Algebroids
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The (implicit) Hamilton equations read as

x=0, E ﬁ<xxa€(xf)>

6 (3 2 x.00.€) + el (x,x,aa’;(x, )s=o0.

For the canonical Dirac algebroid Dy, we have x = 0, E: 0, N7 =x°

Ca—fa‘i‘Pa andc =0,
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The (implicit) Hamilton equations read as
x=0, £= ﬁ<xxa€(><§)>
. ( OH (x.). ) + (xx ‘Z’g(x,s)) § =0
For the canonical Dlrac algebroid Dy, we have x =0, f 0, N7 =x%—y?,

(= 53 + pa, and Cu =0, so we get the standard Euler-Lagrange

dx* , d [aL oL
dt =Y, dt(ay(vy)) 83( ,}/)
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The (implicit) Hamilton equations read as

~

£=0, €= ﬁ<xxa€(x§)>
C( 2 (x: ), é>+c{k(x)nk (x,x,‘?;g(x,f)) §=0

For the canonical Dlrac algebroid D), we have x = 0, f 0, N7 =x%—y?,
(o= 53 + pa, and c =0, so we get the standard Euler-Lagrange

dx? d /oL oL
EPEinb AN <8y (x ,y)) Ha X Y)
and Hamilton de, 8H( 0 dxP GH( 0
e X —_— = —\ X
dt oxa¥ T dt 9&,

equations
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The (implicit) Hamilton equations read as

~

£=0, €= ﬁ<xx8€(x§)>
C( ‘3 (x: ), é>+c{k(x)nk (x,x,%'g(x,f)) §=0

For the canonical Dlrac algebroid D), we have x = 0, f 0, N7 =x%—y?,
(s = 53 + pa, and c =0, so we get the standard Euler-Lagrange

dx? d /oL oL
EPEinb AN <8y (x ,y)) Ha X Y)
and Hamilton de, 8H( 0 dxP GH( 0
= — X —_— = —\ X
dt oxa¥ T dt 9&,

equations after changing the symbols y, £ for velocities and momenta into
the standard ones, x, p.
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Mechanics on presymplectic manifolds
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Mechanics on presymplectic manifolds
Consider the Dirac algebroid D,, associated with a linear 2-form w on E*,

1 a i
S ()EdX? A dx® 4 pl(x)d&i A dx®, chy(x) = —cfy(x) -

WZEC

JG, KG (IMPAN) Tulczyjew Triples and Dirac Algebroids 23/03/2011 30/ 37



Mechanics on presymplectic manifolds
Consider the Dirac algebroid D,, associated with a linear 2-form w on E*,

1 .
w= Ec:b(x)fkdx"” AdxP + pi(x)dg AdxP, ck(x) = —cf (%)

The implicit Euler-Lagrange equations take the form
o dx? .
Pa(x) () =y",

;od oL L dxb oL oL
035 (500 ) = ) B ()3 x) = S ().
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Mechanics on presymplectic manifolds
Consider the Dirac algebroid D,, associated with a linear 2-form w on E*,

1 .
w= Ec:b(x)é“kdxa AdxP + pi(x)dg AdxP, ck(x) = —cf (%)
The implicit Euler-Lagrange equations take the form

ooy dx? i
Pa(x) 1 (x) =y,

;ood (oL L dxb oL oL
0 (i) ) = bl G 0 ) = ().

In the case of a regular presymplectic form of rank r,

w:dea/\dxa,

a<r

we get the equations for the presymplectic reduction by the characteristic
distribution:
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Mechanics on presymplectic manifolds
Consider the Dirac algebroid D,, associated with a linear 2-form w on E*,

1 .
w= Ec:b(x)é“kdxa AdxP + pi(x)dg AdxP, ck(x) = —cf (%)

The implicit Euler-Lagrange equations take the form

P ) =y,

;ood (oL L dxb oL oL
0 (i) ) = bl G 0 ) = ().

In the case of a regular presymplectic form of rank r,

w:dea/\dxa,

a<r

we get the equations for the presymplectic reduction by the characteristic
distribution: the coordinates x? and x? with a > r are simply forgotten,

d (oL, oL
dt<a>'<a(x’x)>: e X AT
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Nonautonomous and constraint mechanics on algebroids
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Nonautonomous and constraint mechanics on algebroids

@ For the affine Dirac algebroid 5,\/; on TM x R and a time-dependent
Lagrangian L: TM x R — R, we get as the Euler-Lagrange equations
the nonautonomous equations
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Nonautonomous and constraint mechanics on algebroids

@ For the affine Dirac algebroid 5,\/; on TM x R and a time-dependent
Lagrangian L: TM x R — R, we get as the Euler-Lagrange equations
the nonautonomous equations

dx?

— i ﬂ(t ) _ﬂ(t )
At 0 dr \axa 0 ) T gxa X))
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Nonautonomous and constraint mechanics on algebroids
@ For the affine Dirac algebroid 5,\/; on TM x R and a time-dependent
Lagrangian L: TM x R — R, we get as the Euler-Lagrange equations
the nonautonomous equations

dx? . d /oL : oL

T X2, = (W(t,x,x)> Ee 5t x, %).
This can be generalized to nonautonomous systems on skew
algebroids.
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Nonautonomous and constraint mechanics on algebroids

@ For the affine Dirac algebroid 5,\4 on TM x R and a time-dependent
Lagrangian L: TM x R — R, we get as the Euler-Lagrange equations
the nonautonomous equations

dx* ., d 8L(t 9 —ﬂ(t 0
ar 0 ar\ s 00 ) T g\

This can be generalized to nonautonomous systems on skew
algebroids.

@ For a constraint V C E in a skew algebroid

D = {6, X%, &5, pes y*) 1 5B = pf()Y* & = k()Y &k — p}(x)pa
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Nonautonomous and constraint mechanics on algebroids

@ For the affine Dirac algebroid 5,\4 on TM x R and a time-dependent
Lagrangian L: TM x R — R, we get as the Euler-Lagrange equations
the nonautonomous equations

dx? ., d /oL (£, %, %) oL (£, %, %)
= x — x,x) | = —(t, x,x).

dt Todt \oxar T oxat

This can be generalized to nonautonomous systems on skew

algebroids.

@ For a constraint V C E in a skew algebroid
D = {6, X%, &5, pes y*) 1 5B = pf()Y* & = k()Y &k — p}(x)pa

we get the constrained Euler-Lagrange equations (we recognize the
D'Alembert’s principle)

dx? 5
(y) V. et =pilay.
d (oL k i oL a0t N
ar (ayj> (x,y) — cii(x)y 8yk(x,y) ()7 Sey) e V.
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Rolling disc

o & = E A
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Rolling disc

JG, KG (IMPAN)

N=R2x §1x S5 (x,y,0,0)
L:TN — R
L(v) = 56 +72) + 402 + 402

x=Rdcosg y=RUsing
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Rolling disc

JG, KG (IMPAN)

N =R2x S x S5 (x,y,¢0)

L: TN — R
L(v) = (5% + 32) + £¢? + %92

x=Rdcosg y=RUsing
I reduction

System on a Lie algebroid

E:TSIXR3, (907907X7y,79)
M= st (¢)
p:E3 (0,0, %3,0) — (p,¢) € TS

[m] = =
Tulczyjew Triples and Dirac Algebroids



Rolling disc

New coordinates (¢, y') in E associated to global sections

e1 =0y, € = 0y + Rcosypdy + R cospdy,

D CTE* &g« T*E*
(¢7§ia¢7éj7p’yk):

o=y!

&1 = y?(R&ssingp — Ré4cos ) — p

& = —RE3sinp + RE4 cos

£3=£6,=0

[e1, &2] = Rcospes — Rsin pes

JG, KG (IMPAN)
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Rolling disc

New coordinates (¢, y') in E associated to global sections
e1 = 0,, € = 0y + Rcospdy + Rcospd,, e =0y, e4=0,

[e1, &2] = Rcospes — Rsin pes

.3 4
) y>=y*=0}CE
D CTE* g T E* {ey) )

(¢7£ia§b7éj7p’yk):
o=y
&1 = y?(R&ssingp — Ré4cos ) — p

& = —RE3sinp + RE4 cos
£3=6=0
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Rolling disc

New coordinates (¢, y') in E associated to global sections
e1 = 0,, € = 0y + Rcospdy + Rcospd,, e =0y, e4=0,

[e1, &2] = Rcospes — Rsin pes
.3 4
) y?=y"=0}CE
D C TE* @ T*E* {ey) J
Velp O V = Velpv

(¢7£ia§b7éj7p’yk): . 3 4 1 .
{lp.y,0): vy’ =y* =0,y = ¢}

o=y
&1 = y?(R&ssingp — Ré4cos ) — p

& = —RE3sinp + RE4 cos
£3=6=0
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Rolling disc

New coordinates (¢, y') in E associated to global sections
e1 = 0,, € = 0y + Rcospdy + Rcospd,, e =0y, e4=0,

[e1, &2] = Rcospes — Rsin pes
.3 4
) y?=y"=0}CE
D C TE* @ T*E* {ey) J
Velp O V = Velpv

(¢7£ia§b7éj7payk): . 3 4 1 .
{lp.y,0): vy’ =y* =0,y = ¢}

o=y
& = y2(Ressingp — Regcosg) —p | Co C V- _ _

: . {lg,p,&i):p+&=0,6=0
& = —RE&sinp + R cos €3, £a — arbitrary )

£3=£6,=0
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Rolling disc

New coordinates (¢, y') in E associated to global sections

€1 = 890,

e = Oy + Rcos pdy + Rcos pd,,

€3 :ax, €4 :8y

[e1, &2] = Rcospes — Rsin pes

D C TE* @g« T*E*

(0. &,9.6,p,¥%) :

p=y!

€1 = y?(Ré3sing — Ré4cos ) — p

& = —RE3sinp + RE4 cos
£3=6=0

JG, KG (IMPAN)
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{(e.y): Y =y*=0}CE

Velp D V = Velpv
{(p.y.9): Y =y*=0,yt =¢}

Cp C v+
{(o.p. &) p+&=0,6=0
&3, &4 — arbitrary }

Phpy = E*
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Rolling disc

New coordinates (¢, y') in E associated to global sections
e1 = 0,, € = 0y + Rcospdy + Rcospd,, e =0y, e4=0,

[e1, &2] = Rcospes — Rsin pes
{(e,y): y¥*=y*=0}CE
DV Cc TE* @« T*E*
Velp D V = Velpv

(SO,&[,Qb,éj,P,yk): X .
{(p.y.9): Y} =y*=0,yl =¢}

p=y
: . VJ_
&1 = y?(R&sing — Récosp) — p Cp C _ _ _
L . {(%P;fi)ip-i-flzo, 52:0
& = —RE&sinp + R€ cos Es. &4 — arbitrary }
53, 54 arbitrary
Phpv = E*

y}=y*=0

4
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Rolling disc
The dynamics D C TE* (admits a Hamiltonian !)

B mR
T mR2 + b

&sing, & =& =0} .

2 1
D= (& 9¢&): & L2005, =341,

€4 — mR
4= mR2—|—J2
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Rolling disc
The dynamics D C TE* (admits a Hamiltonian !)

. mR 1
D= 19, 8) 8= —p5r Lo = —&1,
{(p,&i,,&5) 1 &3 mR2+J2£2cosso ¢ J1£1
mR _ o
54:7mR2+J2525m90,€125220}-

Note that &3, &, in D are arbitrary, but &3, &4 are determined by
integrability conditions.
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Rolling disc
The dynamics D C TE* (admits a Hamiltonian !)

mR

1
mR? + b 7

D= {(%fn%fj) :53: J1

§acosp, =

mR

54:m525m90751:§2:0}-

Note that &3, &, in D are arbitrary, but &3, &4 are determined by
integrability conditions.

The constrained Euler-Lagrange equations are

dep dy? dy?

3 4 2

y=yi=0, g =rh 2 ar Vde
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Rolling disc
The dynamics D C TE* (admits a Hamiltonian !)

. mR 1
D= 19, 8) 8= —p5r Lo = —&1,
{(p,&i,,&5) 1 &3 mR2+J2£2cosso ¢ J1£1
mR _ o
§4Z7mR2+J2525m30,§1=§2=0}-

Note that &3, &, in D are arbitrary, but &3, &4 are determined by
integrability conditions.

The constrained Euler-Lagrange equations are

dy? dy?
Y —o0, 1 0.

R2
b (m +R) dt

that can be rewritten as

xt=ROcosp, x> =Rlsing, $=0, 0=0.
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Conclusions

Canonical symplectic forms on cotangent bundles, skew-algebroid
structures, Dirac algebroids induced by constraints, etc., are all special
examples of a Dirac algebroid.
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Conclusions
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Conclusions

Canonical symplectic forms on cotangent bundles, skew-algebroid

structures, Dirac algebroids induced by constraints, etc., are all special
examples of a Dirac algebroid.
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Conclusions

Canonical symplectic forms on cotangent bundles, skew-algebroid
structures, Dirac algebroids induced by constraints, etc., are all special
examples of a Dirac algebroid. We can therefore describe all main types of
mechanical systems using this single geometric structure!
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Conclusions

Canonical symplectic forms on cotangent bundles, skew-algebroid
structures, Dirac algebroids induced by constraints, etc., are all special
examples of a Dirac algebroid. We can therefore describe all main types of
mechanical systems using this single geometric structure!

THANK YOU!
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