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INTRODUCTION

Let M be a topological metrizable manifold possibly with boundary, dimM = n ≥ 1. Let
H(M) be the path connected identity component of the group of all homeomorphisms of
a manifold M and let Hc(M) be its subgroup of all elements that can be joined with the
identity by a compactly supported isotopies. Both groups are endowed with the
compact-open topology.

If ∂M 6= ∅ then M0 = intM.
We will consider following groups:

Hc(M0) ≤ H∂
c (M) ≤ Hc(M) ≤ H(M0).

Here h ∈ H∂
c (M) if there is a compactly supported isotopy ht connecting h0 = id with

h1 = h such that ht = id on ∂M for all t.

We say that M admits a compact exhaustion if there is a sequence of compact
submanifolds with boundary (Mi )

∞
i=1 with dimMi = dimM = n such that

M1 ⊂ M0
2 ⊂ M2 ⊂ . . . and M =

S∞
i=1 Mi .
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PERFECTNESS

Recall that a group G is perfect if G = [G ,G ].

Some Basic Theorems
Theorem of Mather, 1971
The group Hc(Rn) of all compactly supported homeomorphisms of Rn is perfect.

Theorem of McDuff, 1977
If M0 is the interior of a compact manifold with boundary then the group H(M0) is
perfect.

Theorem of Fukui and Imanishi, 1996
If M is a connected and compact manifold with regular foliation, then the group
H(M) is perfect.

On the structure of some homeomorphism groups 3 / 14



PERFECTNESS

Recall that a group G is perfect if G = [G ,G ].

Some Basic Theorems
Theorem of Mather, 1971
The group Hc(Rn) of all compactly supported homeomorphisms of Rn is perfect.

Theorem of McDuff, 1977
If M0 is the interior of a compact manifold with boundary then the group H(M0) is
perfect.

Theorem of Fukui and Imanishi, 1996
If M is a connected and compact manifold with regular foliation, then the group
H(M) is perfect.

On the structure of some homeomorphism groups 3 / 14



PERFECTNESS

Recall that a group G is perfect if G = [G ,G ].

Some Basic Theorems
Theorem of Mather, 1971
The group Hc(Rn) of all compactly supported homeomorphisms of Rn is perfect.

Theorem of McDuff, 1977
If M0 is the interior of a compact manifold with boundary then the group H(M0) is
perfect.

Theorem of Fukui and Imanishi, 1996
If M is a connected and compact manifold with regular foliation, then the group
H(M) is perfect.

On the structure of some homeomorphism groups 3 / 14



PERFECTNESS

Theorem
If M is compact or M admits a compact exhaustion, then the group Hc(M) is perfect.
Moreover if ∂M 6= ∅ and ∂M is compact, then the group H∂

c (M) is perfect.

In contrast, for diffeomorphism groups we have the following
Remark
Let M be a smooth manifold with boundary and let D(M) be the identity component of
the group of all compactly supported C∞ diffeomorphisms of M. It was proved by Fukui
that if n = 1 then the group D(M) is not perfect.
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PERFECTNESS

For an open U ⊂ M let
HU(M) = {h ∈ Hc(M) : ∃ht : h0 = id, h1 = h and ∀t supp(ht) ⊂ U}.

Basic Lemma
Let B ⊂ M be a ball (resp. a half-ball in the case that ∂M 6= ∅ and dimM ≥ 2) and
U ⊂ M be an open subset such that B ⊂ U. Then there are φ ∈ HU(M) and a
homomorphism S : HB(M)→ HU(M) such that h = [S(h), φ] for all h ∈ HB(M).
Moreover in the case that ∂M 6= ∅ if h ∈ HB(M) satisfies h = id on ∂M then S(h) = id
on ∂M .
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FACTORIZATION

Let G ≤ H(M) and let B = {B ⊂ M : B is a ball or half-ball}.

Definition
G is called factorizable (resp. with respect to a covering U ⊂ B) if for every g ∈ G
there are d ∈ N, B1 . . .Bd ∈ B (resp. B1 . . .Bd ∈ U) and g1 . . . gd ∈ G such that
g = g1 . . . gd with gi ∈ GBi for all i .

G is called locally continuously factorizable if for any finite subcovering U = (Ui )
d
i=1

of B there exist a neighborhood P of id ∈ G and continuous mappings σi : P → G,
i = 1, . . . , d, such that for all f ∈ P one has

f = σ1(f ) . . . σd (f ), supp(σi (f )) ⊂ Ui ,∀i .

G is called continuously factorizable if there exist d ∈ N, B1 . . .Bd ∈ B, and
continuous mappings Si : G → GBi , i = 1 . . . r , such that for all g ∈ G

g = S1(g) . . .Sd (g).
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FACTORIZATION

Proposition

If M is compact or it admits a compact exhaustion then the groups Hc(M) and H∂
c (M)

are factorizable with respect to any covering U ⊂ B

Using results contained in the paper of Edwards and Kirby we can prove the following

Proposition

If M is compact then the groups Hc(M) and H∂
c (M) are locally continuously factorizable.
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CONTINUOUSLY PERFECTNESS

Definition
A topological group G is continuously perfect if there exist r ∈ N and continuous
mappings Si : G → G, S̄i : G → G, i = 1 . . . r , satisfying the equality

g = [S1(g), S̄1(g)] . . . [Sr (g), S̄r (g)]

for all g ∈ G.

Let H be a subgroup of G. H is said to be continuously perfect in G if there exist
r ∈ N and continuous mappings Si : H → G, S̄i : H → G, i = 1 . . . r , satisfying the
above equality for all g ∈ H. Then rH,G denotes the smallest r as above.

Lemma

Suppose that B is a ball (or a half-ball and dimM ≥ 2), U is open in M and B ⊂ U.
Then HB(M) is continuously perfect in HU(M) with rHB (M),HU (M) = 1.

Remark. The above lemma is no longer true in C1 cathegory.

Theorem
If Hc(M) is continuously factorizable then it is also continuously perfect.
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SIMPLICITY

Recall that a group G is simple if there are no nontrivial normal subgroups of G . Let
G ≤ H(M). We say that G is fixed point free (or non-fixing) if for every x ∈ M there is
g ∈ G such that g(x) 6= x .

Proposition
If M is compact or it admits a compact exhaustion then there does not exist any fixed
point free normal subgroup of Hc(M).

Corollary
Let M be connected. Assume that M is compact or it admits a compact exhaustion.
Then ∂M = ∅ iff Hc(M) is simple.

Corollary

If ∂M 6= ∅ then H∂
c (M) is not simple.
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BOUNDEDNESS

Recall that a group is bounded if it is bounded with respect to any bi-invariant metric.
Let G be a group. A conjugation-invariant norm on G (or norm for short) is a function
ν : G → [0,∞) which satisfies following conditions. For any g , h ∈ G

ν(g) > 0 if and only if g 6= e;

ν(g−1) = ν(g);

ν(gh) ≤ ν(g) + ν(h);

ν(hgh−1) = ν(g).

It is easily seen that G is bounded if and only if any norm on G is bounded.

Recall that if M is compact or it admits a compact exhaustion then for every covering
U ⊂ B and for any g ∈ Hc(M) there are g1, . . . , gd and U1, . . .Ud ∈ U such that
g = g1 . . . gd and for each i gi ∈ HUi (M).
For any g ∈ Hc(M), g 6= id one can define the fragmentation norm denote by fragM(g),
which is the smallest d such that g = g1 . . . gd as above. By definition fragM(id) = 0.
Clearly fragM is a norm on Hc(M).
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BOUNDEDNESS

Theorem of Burago, Ivanov and Polterovich, 2008
Let Diff∞c (M) denote the identity component of the group of all smooth compactly
supported diffeomorphisms of M.

The group Diff∞c (Sn) is bounded, where Sn is a sphere.

The group Diff∞c (M) is bounded for any closed connected manifold M with
dimM = 3.

The group Diff∞c (M) is bounded iff fragM is bounded.

Theorem
Let M be a compact manifold or M admits a compact exhaustion. Then Hc(M) is
bounded if and only if fragM is bounded.

Theorem
Let ∂M be compact. If the group Hc(M) is bounded then H(∂M) is bounded as well.
Moreover, if the group Hc(M0) is bounded then so is the group H∂

c (M).
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BOUNDEDNESS

Definition
A connected open manifold M is called portable (in the wider sense) if there are disjoint
open subsets U, V of M such that there is f ∈ Hc(M) with f (U ∪ V ) ⊂ V .
Furthermore, for every compact subset K ⊂ M there is h ∈ Hc(M) satisfying h(K) ⊂ U.

Some Basic Theorems

Theorem of Burago, Ivanov and Polterovich, 2008
If M is portable then the group Diff∞c (M) is bounded.

Theorem of Rybicki 2011
Assume that M0 is an interior of a compact manifold M and M0 is portable. Let
Dr (M0) for r = 0, . . . ,∞ denote the identity component of the group of all Cr

diffeomorphisms of M0 which can be joined with the identity by compactly
supported isotopies. Then the group Dr (M0) is bounded.
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BOUNDEDNESS

Theorem

If M is portable then Hc(M) is bounded. If M0 is portable then H∂
c (M) is bounded. In

particular, Hc(Rn) is bounded.

In contrast, for diffeomorphism groups we have the following

Proposition
Let M be a smooth manifold with boundary and let D(M) be the identity component of
the group of all compactly supported C∞ diffeomorphisms of M. Let D∂(M) denote the
subgroup of D(M) consists of all f ∈ D(M) such that there is a compactly supported
isotopy ft with f0 = id and f1 = f satisfying ft |∂(M) = id for all t. Then D∂(M) is an
unbounded group.
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